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Abstract

In many real-world scenarios, processes naturally define partial orders
over their constituent tasks. Partially ordered representations can be ex-
ploited in process discovery as they facilitate modeling such processes. The
Partially Ordered Workflow Language (POWL) extends partially ordered
representations with control-flow operators to support modeling common
process constructs such as choice and loop structures. POWL integrates the
hierarchical nature of process trees with the flexibility of partially ordered
representations, opening up significant opportunities in process discovery.
This paper presents and compares various approaches for the automated
discovery of POWL models. We investigate the effects of applying varying
validity criteria to partial orders, and we propose methods for incorporating
frequency information to improve the quality of the discovered models. Ad-
ditionally, we propose alternative visualizations for POWL models, offering
different approaches that may be useful in various contexts. The discovery
approaches are evaluated using various real-life data sets, demonstrating the
ability of POWL models to capture complex process structures.

Keywords:
process modeling, partial order, process discovery, partially ordered
workflow language

1. Introduction

Process models serve as visual representations of processes, facilitating
communication and enabling simulation and analysis of these processes. Or-
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ganizations employ information systems to track and record data about the
execution of their processes, and these data can be used for the discovery of
process models. Discovered models can help gain insights into the underlying
processes, empowering organizations to streamline and automate their pro-
cesses, ultimately leading to more informed and effective decision-making.
This can significantly contribute to the overall performance and efficiency of
an organization.

Workflow nets (WF-nets) [1] are a widely used process modeling lan-
guage for the formal representation of business processes. While traditional
process discovery techniques often produce WF-nets, many of these tech-
niques utilize other modeling notations as intermediate process representa-
tions. For instance, hierarchical modeling languages, such as process trees [2],
are commonly employed in process discovery due to their soundness guaran-
tee. Soundness refers to meeting certain quality requirements, e.g., a sound
model has no dead parts that can never be reached.

Process trees fall short in accurately capturing non-hierarchical structures
that are common in real-world scenarios. This limitation is particularly evi-
dent in processes involving concurrent tasks with complex interdependencies,
where traditional models used in process discovery either oversimplify reality
or become overly complex.

To illustrate this point, consider the process of online shopping illustrated
as a WF-net in[Fig. Tal This process involves non-hierarchical dependencies
between selecting the items (b), setting the payment method (c), the payment
activities (d and e), and selecting a complimentary reward depending on the
total purchase amount (f). Process trees would either duplicate activities
to capture this behavior (e.g., or oversimplify the process, failing
to represent the actual workflow accurately (e.g., the tree in allows
for selecting the reward and/or completing the payment before selecting the
items).

Partial orders allow for a compact representation of concurrent systems
and support adding execution order restrictions between activities. In a par-
tial order, certain activities are mandated to follow a specific order, while
other activities can be executed in parallel. The non-hierarchical dependen-
cies in our example can be modeled as a partial order as shown in .
However, partial orders lack support for cyclic and choice structures. The

1For the sake of simplicity, we only visualize the transitive reduction of partial orders.
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Figure 1: Process models modeling a process for purchasing items in an online store.



partial order visualized in does not show the choice between payment
and setting a payment plan, and it only captures cases with exactly two de-
liveries (instead of a loop of returning items for exchange followed by a new
delivery each time).

Our proposed modeling notation, named Partially Ordered Workflow
Language (POWL) [3], overcomes these challenges by combining the hier-
archical structure of process trees with the flexibility of partial orders. A
POWL model is a partially ordered graph extended with control-flow oper-
ators for modeling choice and loop structures. A POWL model can also be
viewed as a process tree extended to support combining sub-models as par-
tial orders. shows a POWL model representing the behavior of our
example process. The uppermost layer of the model is a partial order that
sets the sequential order of the activity sets fag, fb;c;d;e; fg, and fg; hg.
Additionally, another partial order models the non-hierarchical dependencies
between the activity sets fbg, fcg, fd;eg, and FFg. The process tree opera-
tors and are utilized to represent the exclusive choice between d and e,
and the loop between the activities g and h, respectively.

This paper builds upon our previous work in [3, 4] on exploiting POWL
models in process discovery. First, we investigate the effect of using varying
degrees of validity for partial orders; we introduce a discovery approach that
accepts a wider range of partial orders compared to our previous methods.
Second, we enhance the adaptability of our approach to real-world data com-
plexities by introducing two methods for integrating frequency-based filtering
in the discovery of POWL models.

POWL is able to represent non-hierarchical structures while preserving
the soundness guarantee of process trees. This makes POWL an ideal mod-
eling language for process discovery. The contribution of this paper also
includes proving the soundness guarantee of POWL models. Beyond process
discovery, we propose alternative visualizations for POWL models, aiming to
provide flexible options that can aid interpretability in different scenarios.

Our contribution in this paper is guided by the following questions we
investigate:

1. What is the effect of relaxing the strong validity requirements in the
discovery of POWL models?

2. How can frequency-based filtering be incorporated into the discovery
of POWL models, and what impact does it have on the quality of the
resulting models?



3. What alternative visualizations of POWL models can improve their
interpretability in different scenarios?
4. Can we prove the soundness guarantee of POWL models?

The remainder of the paper is structured as follows. We discuss related
work in [Sec. 2 and we present an overview of preliminaries in [Sec. 3 The
concept of POWL models is defined in [Sec. 4] and an approach for trans-
forming POWL models into sound workflow nets is presented in [Sec. 5 In
Sec. 6, we address the automated discovery of POWL models, and we pro-
pose methods for incorporating frequency-based filtering in the discovery in
[Sec. 7 We propose ideas for improving the visualization of POWL models

in Our discovery approaches are evaluated on real-life data in [Sec. 9]
and the paper concludes with a summary and ideas for future research in
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2. Related Work

In the field of process mining, partial orders play a crucial role in both
data representation and process modeling. A detailed examination of their
use in process mining is found in [5]. Process execution variants for par-
tially ordered event data are defined in [6]. The authors in [7] present three
methods for aggregating partially ordered sets of events to generate Petri
nets. Another method for deriving Petri nets from languages characterized
by partial orders is introduced in [§]. The concept of frequent episodes, as
partially ordered sets of events, was introduced in [9], and this idea was fur-
ther adapted to event logs in [10]. Workflow graphs incorporating partially
ordered activities are discussed in [I1]. Moreover, [12] proposes methods for
the discovery of prime event structures, where a prime event structure is de-
fined as a partially ordered graph enriched with a conflict relation [13]. In
[14], the authors present a method for generating conditional partial order
graphs from event logs. A conditional partial order graph [I5] represents a
family of partial orders, allowing for modeling choice structures. Both prime
event structure and conditional partial order graphs are limited in modeling
cyclic behavior.

The creation of hybrid process models, combining different modeling lan-
guages, is an area of active exploration. Hybrid Petri nets, as described in
[16], extend traditional Petri nets by introducing informal arcs to connect
transitions. Another type of hybrid process models, blending imperative and
declarative modeling languages, is discussed in [17].
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In our previous work [3], we introduced POWL models, which combine
elements of process trees with partially ordered graphs, presenting a novel
perspective in process modeling. In [I8], BPEL (Business Process Execution
Language) is introduced as a flow language designed for modeling web ser-
vices. Similar to POWL, BPEL allows for combining primitives through ad-
vanced control-flow constructs and additionally imposing an execution order
of concurrently running primitives using control links. While BPEL serves
as a potent tool for web service implementation, its complexity often renders
it more akin to a programming language, posing challenges for end users.

Various methods for the discovery of process models from event data have
been introduced and refined. For an overview of process discovery techniques
prevalent in process mining, we refer to [19, 20]. In our previous work [3],
we introduced an initial approach that demonstrates the feasibility of using
POWL models in process discovery. Subsequently, we refined this approach
in [4] to ensure scalability on large data sets by mining for partial orders
that strictly conform with the data. Both proposed approaches extend the
inductive mining framework detailed in [2]. Our work on POWL models in
[3, 4] situates itself within the broader context of advancing process discovery
by marking a step towards more compact and comprehensive process models.

3. Preliminaries

This section introduces fundamental preliminaries to facilitate the under-
standing of the paper.

3.1. Basic Notations

We define the set of natural number IN = f1;2; 3; :::g, the set of odd num-
bers INggg = F1;3;5;:::9, and the set of even numbers INeven = 12;4;6;:::0.
For any set X, its powerset is P(X) = fX?  Xg. For n sets Xy; 1 Xp,

their n-ary Cartesian product is Xy 1 Xy = F(Xq; 55 Xn) | Xi 2 X for 1
I ng. An n-ary relation is a subset of the n-ary Cartesian product.
Let X X be a binary relation (i.e., 2-ary relation) over a set X.

We use X; Xy to indicate that (X;;X2) 2 and X; Xy to indicate that
(X1;%2) 2 . We define the transitive closure of as T =TF(a;h) 2 X Xj
9N 2 IN; Xp;Xg;:iXn2X (a=Xg " b=xa 781 i n(X1 X))g.

For a set X, a partitioning of X into n 2 IN subsets is a set of subsets
P =Xy, Xpg such that X = Xy [ [ Xpand X\ Xj=;forl i<



Jj n. We use Part,(X) to denote tde set of all partitionings of X into n
subsets, and we define Part(X) = Part,(X).
1 n jXj
A function f: X ¥ Y is called injective if 8x;X" 2 X (F(x) = f(X") D
X = x"), and f is called surjective if 8y 2 Y 9x 2 X (f(Xx) =y). The function
T is bijective if it is both injective and subjective.
A multi-set generalizes the notion of a set by tracking the frequencies of

its elements. A multi-set over a set X is expressed as M = [X;%; :I; Xp"]
where Xi; :i1; Xn 2 X are the elements of M (denoted asX; 2 M for1 i n)
and M (X;) = ¢; is the frequency of Xj for 1 i n. We use M(X) to denote

the set of all multi-sets over X.

A sequence over a set X is defined as function : f1;::;;ng ¥ X, and we
express it as  =h (1);::; (n)i. The length of is denoted by j j = n, and
the set of all sequences over X is denoted by X . The concatenation of two
sequences 1 and o is expressed as 1 o, e.g., hXy1 hXg; X101 = hXq; Xg; Xq1.
For two sets of sequences L; and L,, we write Ly Lo =F ;1 o] 12
L, ™~ 5 2 L,g. The projection of a sequence on a set Y is denoted as

vy €8s NX1; Xo) Xil gy ipq = NX1; X1

A strict partial order over a set X is binary relation that is irreflezive
(x X for all Xx 2 X)) and transitive (X; Xo™~Xo X3 ) X X3). Irreflexivity
and transitivity imply asymmetry as well (X; Xo ) Xo Xi). The transitive
reduction of a strict partial order  is uniquely defined as = f(Xy;X3) 2

J @%X22 X (X3 Xg”™MXg X3)0.
In this paper, we use the term partial order to refer to a strict partial

order. For a partial order  over a set X, we call = (X; ) a partially
ordered set (poset). We denote the set of all posets over a set X by IT(X).
The language of a poset = (X; ) is the set of sequences L( ) = f 2
X jof:fl;:uj jg ¥ X (fis bijective ™~ 81 i jj( (i) = Ff@i) ™
81§ 1(fi) fG)>i<i)o

For a poset = (X; ) and a labeling function : X ¥ Y the triple

e (X; ; ) is called a labeled partial order over X and Y. The language
of Yis the set of sequences L( ")y =fh ( (1));:5 ( (G j)ij 2L()g. We
use I1(X;Y) to denote the set of all labeled partial orders over X and Y .

Let us consider an example poset = (X; ) with X = fX;y;zg and a
partial order defined such that X y and X z. The language of is L( )=
Thx;y; zi;hx; z; yig. Consider a labeling function : X ¥ 'Y whereY = fa;bg
defined by (X) =a, (y)=b,and (z) =b;ie, =TFf(x;a);(y;b);(z;b)g.
Then '= (X; ; ) is a labeled partial order over X and Y. The language



of Uis L( %) = fha;b;big.

3.2. Event Log

We use ¥ to denote the universe of activities. An event log L 2 M(X )
is a multi-set of sequences of activities. A trace 2 L is a sequence of
activities representing the execution of a single process instance. For an
event log L 2 M(X ), we define the following notations:

e Y =fa2 | 2Lgis the set of activities in L.

L. =F (1)j 2Lgis the set of start activities in L.

L =F (j j)j 2Lgis the set of end activities in L.

e A, X X is the Directly-Follows Graph (DFG) relation defined
as follows: @@ biff 9 2L;1 i<jj( (i)=a ™ (i+1)=h). It
indicates direct succession relationships between activities in L.

e | Y. X isthe Eventually-Follows Graph (EFG) relation defined
as follows: a (biff 9 2L;1 i<j jj((i))=a ™ () =Db.
It indicates both direct and indirect succession relationships between
activities in L.

For example, consider an event log L; = [ha; b;ci®;ha;b; di?]. This event
log consists of five traces with ¥, , = fa;b;c;dg, L, = fag,L; = fc;dg. The
directly-follows graph of L is @ | | = f(a;b); (b;c); (b; d)g, and the eventually-
follows graph is |, = f(a;b); (a; ¢); (a;d); (b; ¢); (b; d)g.

3.3. Workflow Net

A Petri net is a directed bipartite graph composed of places (visualized
as circles) and transitions (visualized as boxes); i.e., there are no edges con-
necting two places or two transitions. A labeled Petri net is a Petri net with
a labeling function mapping transitions into activities. Transitions represent
instances of activities and places are added to model causal relations between
activities. Multiple transitions can have the same label to model multiple
occurrences of the same activity. We use 2 X to denote the silent activ-
ity. The silent activity can be used, for example, to model a choice between
executing or skipping an activity.



Definition 1 (Petri NetED. Let T be a set of transitions and P be a set of
places characterized by the transitions they connect, i.e., P P(T) P(T).
The tuple N = (P;T) is a Petri net. For a labeling function [: T ¥ X [f g,
N = (P;T; ) is called a labeled Petri net.

Places hold tokens that are consumed and produced by firing transitions.
A transition is considered enabled if each of its preceding places has at least
one token. An enabled transition can fire (i.e., the activity can be executed).
Firing a transition consumes one token from each of its preceding places and
produces a token in each of its succeeding places. A marking is a multi-set
of places indicating the number of tokens in each place to represent the state
of the Petri net.

Let N = (P;T;[) be a labeled Petri net. We define the following nota-
tions:

 For two markings M; M? 2 M(P), we use (N; M)[ti(N; M’) to denote
that t 2 T is enabled in M and firing t results in the marking M".

e For a sequence of transitions = hty;=;thi 2 T, (N; M) X (N; M?)
denotes that there is a sequence of markings My; My; :::; My, such that
Mo =M, M, = M? and (N; M;)[ti;1i(N; M) for 0 i<n.

e N =Ft2T j @(Ty;To) 2P (t 2 Ty)g is the set of start transitions of
N, i.e., a start transition is not preceded by any place.

e N =ft2Tj@(Ty;Te) 2P (t2Ty)g = ;0 is the set of end transitions
of N, i.e., an end transition is not followed by any place.

Consider an example labeled Petri net N = (fpy; p2g; fty; to; t3; t40; 1) with
two places p; = (ft;0; fto; t39) and ps = (Fty; t30; Ft4g). In this Petri net,
N_ = ft;g is the set of start transitions, and N = ft,g is the set of end tran-
sitions. Starting from the marking [p?; po|, executing the sequence of transi-
tions hty; t3; t4i leads to the marking [p3], i.e., (N; [p?;pa]) Maitaity (N; [p2]).

A system net is a Petri net with an initial and a final marking. The
initial marking specifies the initial state of the process before executing any

2A Petri net is generally de ned as a triple (P; T; F) with disjoint sets of vertices T and
P and a set of edges F. We omit F, and we fully characterize places by the transitions
they connect, restricting ourselves to Petri nets with no duplicate places that connect the
same sets of transitions.



activity, while the final marking is reached at the end of a process execution.
A Workflow net (WF-net) is a special type of system net such that every
place/transition in the net is on a path from a unique source place to a
unique sink place.

Definition 2 (Workflow Net). Let (P; T; () be a labeled Petri net and s; € 2 P
be two places such that s & . The tuple W = (P;T;[;s;F) is a labeled
workflow net if the following conditions hold:

® S is the unique source place; i.e., fsg = F(T;T2) 2P j T; = ;0.
e T is the unique sink place; i.e., Ffg =F(T1;T2) 2P j Ty = ;0.
e All places and transitions are on a path from s to T.

shows an example labeled WF-net. All places and transitions are
on a path from the unique source place (marked by a token) to the unique
sink place (marked by a double border).

Let W = (P;T;[;s;f) be a labeled WF-net. We use (W) = (P;T;1)
to denote the underlying labeled Petri net of W; we use (W) = (P%T;1)
with P® = Pnfs;fg to denote the reduced labeled Petri net of W. The
language of W is defined as L(W) = Ffhi( 1);:50( )i 5 ) =h g0 4 2
T ~((W)s) B ((W);F)g. We use W to denote the universe of labeled
WF-nets.

Petri nets and similar graph-based process modeling notations may suffer
from some quality anomalies. For instance, it is possible to construct a
labeled WF-net with an unreachable final marking or with transitions that
are not enabled in any reachable marking. Such models having undesirable
behavioral properties are called unsound. We call a labeled WF-net sound if
starting from the initial marking (1) each transition can be enabled at some
point, (2) the final marking can always be reached, and (3) no place can have
multiple tokens at the same time.

3.4. Inductive Miner

Process discovery is an essential aspect of process mining, where the goal
is to derive a process model from an event log. The event log, serving as the
input, contains detailed records of the actual execution of processes within
an organization. The goal of process discovery is to effectively translate the
event log into a coherent process model that describes the behavior of the
underlying process.

10



The inductive miner (IM ) [2] is one of the leading approaches in process
discovery. It is renowned for o ering strong assurances such as the soundness
of the discovered model, the ability to discover a model that encapsulates all
the behaviors reported in the log, and the rediscoverability of speci ¢ process
structures. The inductive miner has various adaptations, for example, to
address incomplete or infrequent behaviors.

The inductive miner usesprocess treedo model processes. A process tree
is a hierarchical modeling notation that captures behavioral dependencies
between blocks of activities using control- ow operators. The operatdr is
used to demonstrate the sequential execution of di erent blocks; indicates
an exclusive choice; concurrency is depicted by +; and illustrates a do-
redo loop between two blocks (that is, the do-part is executed initially, and
every completed execution of the redo-part triggers another execution of the
do-part).

The inductive miner employs a recursive, top-down strategy. The algo-
rithm tries to identify a cut, which involves recognizing a behavioral pattern
within the event log and splitting the activities based on this pattern. The
inductive miner recognizes four types of cuts that correspond to the four
main operators in process trees. Formally, a process tree cut over an event
log is a tuple ( ;Aq;:::; Ap) of a control- ow operator 2 ; ;+; gand
a partitioning of the activities of L into n 2 subsets ( = 2 for ).

The inductive miner iteratively constructs a process tree based on the
identi ed cuts. After detecting a cut, the event log is projected into the
di erent subsets of activities, creating several smaller sub-logs. This method
is then recursively applied to each sub-log until the process reachedbase
case which is an empty event log or an event log that consists of a single
trace variant of length 1. A base case can be trivially converted into a process
tree that consists of a single activity or a silent activity.

The step of process tree cut detection is mainly based on the directly-
follows graph. For instance, a choice cut is detected if no activity in any
partitioning is directly followed by an activity from another partitioning.
However, other factors are also taken into consideration. For instance, the
inductive miner ensures that all start and end activities of the event log are
in the do-part of a loop cut. Another example is the detection of empty
traces within the event log. If empty traces exist, then the inductive miner
returns a choice cut between and the activities of the log, and it Iters out
the empty traces from the projected log.

illustrates the application of the inductive miner on the event log

11



Figure 2: Application of the inductive miner on an example event log.

L =[ha;b;d;hb;a;¢; hci]. Initially, the sequence cut { ;fa;kg;fcg) is dis-
covered, and the log is projected to create two sub-logs. The choice cut
(; fa;hg) is discovered for the rst sub-log as it contains empty traces,
while the second sub-log is a base case. After ltering out empty traces,

the concurrency cut (+ fag;fbg) is detected, indicating that a and b can

be executed in parallel. This leads to the creation of two sub-logs that rep-
resent base cases, and the algorithm terminates returning the process tree
L ((;+(ab);o).

In cases where neither a base case nor a cut is identi ed, the inductive
miner utilizes a fall-through function. This function invariably identi es a
cut, potentially leading to an under- tting model (i.e., a model that might not
precisely represent the log's behavior), allowing for the continuation of the
recursion. For instance, this function might return a concurrency cut between
an activity occurring once in every trace and the rest of the activities. For a
detailed description of the di erent steps of the inductive miner, we refer to

2].

12



4. POWL Language

The partially ordered work ow language [3] extends partially ordered
graphs with control- ow operators for modeling choice and loop structures.
A single activity is a POWL model (base casg Multiple POWL models can
be combined into a new model by using one of the control- ow operators
and or by de ning a partial order over the sub-models.

De nition 3 (POWL Model [3]). A POWL model is recursively de ned as
follows:

" Any activity a2 [f gis a POWL model.

A

Let ; and , be two POWL models. ( i1; ») is a POWL model.
" LetP =1 45 ngbeasetoin 2POWL models.

{ ( 155 n)is a POWL model.
{ Aposet 2 (P)isaPOWL model.

We use to denote the universe of POWL models. The semantics of
a POWL model are de ned by transforming it into a set of labeled partial
orders, with activities as labels, over a set of newly generated nodes. We call
these nodegransitions as they represent instances of activities. For example,
the POWL model shown in Fig. 1e can be transformed into the set of labeled
partial orders illustrated in Fig. 3.

A POWL model is recursively transformed into a set of partial orders.
A single activity is transformed into a single partial order with a transition
having the activity as a label or into an empty labeled partial order if the
activity is silent. For the choice operator , we transform the POWL model
into the union of the partially ordered sets generated for the sub-models.
For ( 1; »2), the labeled partial orders of the sub-models are combined
such that the rst order is from ; and each order from , is followed by
another order from ;. For the case of a partial order over a set of POWL
models, the orders generated for the sub-models are combined such that the
partial order of the sub-models is preserved.

Notation. We de ne the following auxiliary notations for Def. 4:

A

For combining the orders in the loop case, we de ne an index trans-
formation function T mapping odd numbers into the do-part{= 1 for
i 2 INogg) and even number into the redo-part{=2 for i 2 INgyen).

13



Figure 3: A set of labeled partial orders modeling the behavior of the POWL model shown
in Fig. 1e. The choice is modeled by duplicating the order to cover the cases with the
activity d (colored orange) on the left and the cases with the activitye (colored light blue)
on the right. The cyclic behavior is modeled by duplicating the order to cover loops of
di erent lengths (the do-part is colored green, while the redo-part is colored red).

" Let (Ty; 1);::(Th; n») be n labeled posets of transitions. We use

T, ( 1;:; n) to denote the set ofsall posets of new transitionsI(; )
such that a bijective functionsf : T; ! T exists and the following
1in

condition holds forall 1 i n;1 j n;t2 T;t92 T;:

f() f(), i<j _(@=j~rt 9.

De nition 4 (POWL Semantics [3]) Let T be the universe of transitions.
)P ( (T;)) is a function recursively de ned to transform a POWL

model into a set of labeled partial orders as follows.
Fora2 , (a)= f(ftg;;;f(t;a)g)g wheret 2 T is a fresh transition.

N

T )=16500)e
" LletP =1 4 ,gbeasetoin 2POWL modelS.

3Since we always use newly generated transitions, we assume the sets of generated
transitions for the sub-models to be pairwise disjoint.

14



S
{ C (g oa)= ().

1 i n
S
{ ( (1 2)=
N2 N o4d
(Ty 5 )9 1102 05T n n)2 (w)
(T; )27 ( 25 ) M 81 0 nt2T,

()= (fF(1)

{ Foraposet =(P; ), ( )=
(T %)i 9Ty ¢ 192 ( :5(Tes w5 )2 ()

T= T N 81 i n,t2T|
1in

()= i(t) ~ 81 j nt°2T,

t %, (=)t t9_ ¢ )

The languageof a POWL model is the set of activity sequences that can
be generated by the model. After transforming a POWL model into a
set of labeled partial orders ( ), we can derive its language.( )= f 2

LC)I 2 ( )a

5. Transforming POWL Models into Work ow nets

POWL models can be recursively transformed into WF-nets. In this sec-
tion, we present an approach for transforming a POWL model into a labeled
WF-net modeling the same behavior, and we prove that the generated WF-
net is sound. This shows that POWL models inherently guarantee soundness.

The POWL to WF-net converter is a recursively de ned functionC: )

W that transforms any POWL model into a WF-net. We de ne the base
case in Def. 5. For the combination of multiple POWL models (using,

or a poset), the WF-net is generated as described in Def. 6, Def. 7, or Def. 8.
The POWL to WF-net converter Cis schematically presented in Fig. 4.

For the base case, the POWL to WF-net converteC maps an activity
a2 [f gintoa WF-net with a single transition having the labela.

De nition 5  (Activity to WF-Net Converter) . Let = a2 |[f g The
converter C transforms  into the WF-net C( ) = (fs;fg;ftg;f(t;a)g;s;f)
wheret is a fresh transition, s = (;;ftg), and f = (ftg;;).

Lemma l. Let =a2 [f gbeaPOWL model.L( )= L(C( )).

15



Figure 4: POWL to WF-net converter C.

Proof. Both languages consist of a single tracdmi in casea2 and hiin
casea= . O]

A composition of POWL models (using , , or a poset) can be modeled
as a WF-net by rst recursively transforming all sub-models into WF-nets.
Then, the reduced Petri nets of the WF-nets are derived (the reduced Petri
net A(W) is derived by removing the source and sink places of a work ow
net W). These reduced Petri nets are combined by using additional places
(including a unique source place and a unique sink place) and silent tran-
sitions. For the choice operator , we connect the source place to all start
transitions, and we connect all end transitions to the sink place.

De nition 6 (XOR to WF-Net Converter). Let 4;:::; , ben 2 POWL

models and = ( ;35 a). Let Ny = (P Tiil)= "“(C( ) forl i n
with pairwise disjoint transitions, i.e., T\ T; = ; for 1 <] n. The
WF-net C( )= (P;T;l;s;f) is generated as follows:
S
" T= T with I(t)= L(t) fort2 T;;1 1 n.
1in
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A S . S S
P=fs;fg] P with s=(;; N; )andf =( Ni ;).
n

11 n 1 1in

Lemma 2. Let = ( ;i ) be a POWL model. IfC( ;) is sound and
L( )=L(C ) foralll i n,thenlL( )= L(C()).

Proof. In the initial marking [ s], all sub-nets are enabled, and one of them
res, consuming the token. After the termination of the ring sub-net, it
produces a token in the nal place, leading to the nal marking {]. There-
fore, the language oN is the union of the languages of;:::;; ;. This is the
same language described by the POWL model( 1;:::; n). ]

We model a loop as a WF-net using two silent transitions and two places
(in addition to the sink and source places), and we connect them as illustrated
in Fig. 4, ensuring that the do-part in executed rst and the redo-part is
always followed by another execution of the do-part.

De nition 7 (Loop to WF-Net Converter). Let ; and , be two POWL
models and = (1, ,). Let Ny = (P; Ty lh) = (O 1) and N, =
(P; Ta; o) = “(C( ) with T\ T, = ;. The WF-net Q( )= (P;T;l;s;f) is
generated as follows:

S (tin) = l(tow) = and I(t) = Li(t) fort2T;;1 i 2
" P = Py P2[f S;Puo; Predo;fO With s = (;;ftin0), Pawo = (fting [
N2 ;N1 ),Predo = (N1 ;N2 [f tow0), and f = (ftow0;;).

Lemma 3. Let = ( 1; ,) be a POWL model. IfC( ;) is sound and
L( )=L(C ) foralll i 2,thenlL( )= L(C()).

Proof. In the initial marking [ s], only t;, is enabled. After ring t;,, we reach
the marking [pqgo]. Afterward, N; is enabled. After the termination of Ny,
we reach the marking redo]. In [Predo], there is a choice between ringtoy
or N,. If toy is red, we reach the nal marking [f]. Otherwise, after the
termination of N, we return to the marking [pqo]. In other words, every time
N, is red, N; is re-enabled after its termination. This is the same language
described by the POWL model ( 1; »). ]
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In order to transform a poset into a WF-net, we model an AND-split
between the start models (using a place preceding each start model and a
silent transition) and an AND-join between the end models (using a place
following each end model and a silent transition). Finally, each edge of the
transitive reduction of the partial order is modeled through a place connecting
the end transitions of the rst model with the start transitions of the second
model. We only consider the transitive reduction of the partial order in order
to avoid adding places that are implied by other places (i.e., places that do
not add further behavioral restrictions).

De nition 8 (Poset to WF-Net Converter). Let = (f 4;:; ng; ) be a
poset over a set oh 2 POWL models. LetN; = (P;;Ti; 1)) = “(C( 1)) for
1 i n with pairwise disjoint transitions, i.e., T;\ T; = ; for 1 i<]

n. The WF-netC( )= (P;T;l;s;f) is generated as follows:

" T = fspiit; tioin 9 [ 1$ Ti with two transitions tepji ; tjoin 2 1$ Ti.
i n i n

" I(tspit) = I(tjoin ) = and I(t) = li(t) for t 2 Ti;i 2 f 1;:::; ng.

" s=(5iftspig) and f = (ftjoin G;5).

" Nepw =fN;jj1 j nt@ i n(i j)o

" Pspit = f(tspicsN.) J N 2 Ngpie 9.

" Njon =fN;jj1 i n*@ j n(; j)g

" Pioin = f(N ;tjoin) | N 2 Njoin 0.

" Porder = f(Ni 5Nj ) jisj 2fLung” ¢ 0.

" P =1s;f9[ Pspit [ Pjoin [ Porder [ 1? nPi-
Lemma 4. Let =(f 4;:; .9 ) be a posetover a set of POWL models.
If C( i) is sound andL( ;) = L(C( ;) for all 1 i n, thenL( ) =
L(C( ).

Proof. In the initial marking [s], only tsyi; is enabled. After ring tgyic, @
token is produced in all places oPgpy;, i.e., all start sub-netsN©° 2 N spiit
are enabled and they all can re simultaneously. After the termination of a
ring sub-net, it will produce a token in all of its succeeding places. Here

18



we distinguish two cases: (a) a nal sub-netN® 2 Ny, will produce a
token in one the places oPj,, after its termination, while (b) other sub-
nets N° 2 Njoin Will produce tokens in the places oPyqe. The places
of Porger mModel the partial order; i.e., for each ; i, we have a place
P=(N; ;Nj ) 2 Poger modeling the ring order betweenN; and N;. Each
sub-net res exactly once, and after the termination of all sub-nets, each
place ofPjsi, will contain one token. This enabled;,, , and ring tjoin Will
lead to the nal marking [f]. To sum up, an accepted trace byN is an

interleaving of n traces ; 2 L( ;) for1 i n in such a way that the
execution order of activities adheres to the partial order . This is the same
language modeled by the POWL model = (f ;35 g ). O

Next, we prove that the POWL to WF-net converter C generates a WF-
net that is guaranteed to be sound (Theorem 1) and describes the same
language as the POWL model (Theorem 2).

The composition of WF-nets preserves soundness; i.e., if we replace a
transition in a sound WF-net W; by the reduced Petri netA(WZ) of another
sound WF-net, then the resulting WF-net is sound as well.

Notation. For two setsX; and X,, we de ne X;jx x, = X if x 2 X4, and
Xajxt x, = (Xanfxg) [ Xz if x 2 X;.

Lemma 5 (WF-Net Compositionality [21]). Let W; and W, be sound WF-
nets with Ny = “(Wy) = (P1; Te;l1), No = “(Wy) = (P2 Toil), Ti\ To =,
andt* 2 T,. Let W5 = (P3;T3;ls;s;f) be the WF-net obtained by replacing
t* in Wy by N, i.e.,, T3 = Ty [ Tonft'g, I3(t) = I4(t) for t 2 Tynft'g,
la(t) = l2(t) for t 2 To, P3 = f(Xaji+1 n, 3 X2jtn Ny ) ] (X135 X2) 2 Pig[ P,
S=(;;Nyj n, ), andf =(Ny jiu n, ;). Wa is sound.

Proof. See [21, Theorem 3]. ]

Theorem 1 (Soundness Guarantee of POWL to WF-Net Converter)Let
2 be a POWL model.C( ) is sound.

Proof. We prove this theorem by induction. For the base case (= a2 |

f g), C(a) is trivially sound. Let us assume that the lemma is proven fon

2 POWL models 4;:::; ,. Let be the composition of the POWL models as
a poset or using one of the operator and (with n=2for ). Let W%be
a WF-net generated by replacing all sub-neté\(C( 1); :::;A(C( n) in W =
C( ) by single transitionsty; :::; t,. WPis trivially sound sinceW°models an
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exclusive choice, a do-redo loop, or a strict partial order ovét;:::;t,g. The
soundness oW follows from the soundness ofV°and Lemma 5. O

Theorem 2 (Language Equivalence Guarantee of POWL to WF-Net Con-
verter). Let 2 be a POWL model.L( )= L(C( )).

Proof. We prove this theorem by induction. The base case (= a2 [f Q)
is proven by Lemma 1. Let us assume that the lemma is proven for 2
POWL models 1;:::; . The soundness ofZ( ;) for 1 i n is proven
by Theorem 1. Therefore, the statement is proven by Lemma 2 for =
( 155 n); by Lemma 3 for = ( 1; 2); and by Lemma 4 for a poset
=(f 250G ). O

6. Discovery of POWL Models

POWL models allow for an explicit representation of partial orders, pro-
viding a compact depiction of the ow of activities within processes. Their
capability to represent complex, non-hierarchical relationships between ac-
tivities makes them particularly suited for process discovery challenges.

In this section, we present several approaches for the discovery of POWL
models from event logs. We extend the inductive mineiN ) with an addi-
tional step to mine for partial orders. This step takes place after attempting
to discover process tree cuts and before triggering the fall-through function.

We introduce the following three approaches within th& OWL inductive
mining framework:

" POWL Inductive Miner - Brute-Force ( PMys): Introduced in [3],
this is the base approach that serves as a proof-of-concept to demon-
strate the practicality of applying POWL models in process discovery.
As illustrated in Fig. 5a, PMy; employs a brute-force approach that
generates and validates partial orders over all possible partitionings of
activities. This leads to scalability problems for event logs that contain
a large number of activities.

"~ POWL Inductive Miner - Maximal Order ( PMmax): This ap-
proach, illustrated in Fig. 5b, was introduced in [4] to enhance e ciency
by mining for a unique partial order, introducing the concepts of com-
pleteness and maximality. PM,.x 0 ers formal guarantees, ensuring
that the discovered partial order is the most comprehensive represen-
tation of the event log's behavior.
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(&) PM; generates and validates partial orders over all possible partitionings of activities after failing to
discover a process tree cut.

(b) PM max introduces a notion of maximality to mine for a unique partial order.

(c) PM ¢t generates an order graph and dynamically clusters subsets of activities to derive a partial order.
It detects sequences and concurrency within the discovered partial orders, not as process tree cuts.

Figure 5: Overview of our three approaches for the discovery of POWL models.
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" POWL Inductive Miner - Dynamic Clustering ( PMgst): This
new approach relaxes the stringent validity requirements of the previ-
ous methods. It is designed to reduce dependence on the fall-through
function by accommodating a wider spectrum of partial orders. As
illustrated in Fig. 5c, PM¢s mines for partial order by dynamically
clustering subsets of activities, ensuring high scalability on large data
sets. Additionally, this approach moves away from the reliance on pro-
cess tree cuts for detecting sequences and concurrency (cf. Fig. 5a and
Fig. 5b), and it directly identi es these structures as partial orders.

In the remainder of this section, we delve deeper into each of these three
POWL inductive mining approaches.

6.1. POWL Inductive Miner - Brute-Force (PMy)

As illustrated in Fig. 5a, PMy; extends the inductive miner to mine for
partial orders. If no process tree cut is detected, then, before invoking the
fall-through function, PMy; mines for a partial order that ful lls certain
validity criteria.

6.1.1. Validity of Partial Orders
We de ne a partial order cut as a partitioning of the activities of the
event log into subsets, along with a partial order over this partitioning.

De nition 9  (Partial Order Cut [3]). Let L 2 M () be an event log. A
partial order cut of L is a poset = (P; )2 (P) over a partitioning of
the activitiesP 2 Part,( L) into n 2 subsets.

The key to our approach is the de nition and identi cation of valid partial
order cuts. We aim to ensure that the partial order accurately re ects the
behavioral patterns observed in the event log. We de ne validity criteria
based on the eventually-follows graphs and the start and end activities of
the event log. We use the eventually-follows graph instead of the directly-
follows graph because our goal is to discover a partial order (i.e., a transitive,
irre exive relation) capturing both direct and indirect dependencies between
activities.

The validity of a partial order cut (P; ) is de ned based on multiple
criteria. First, we ensure that the order conforms with the eventually-follows
dependenciesA; A; if and only if all activities in A; are eventually followed
by all activities of A;, while no activity in A; is eventually followed by an
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activity from A;. Second, two groups are concurrent if and only if every
activity of each group eventually follows all activities of the other group.
Finally, groups with no preceding groups in the order include start activities,
while those without succeeding groups include end activities.

De nition 10 (Valid Partial Order Cut [3]). Let = (P; ) be a partial
order cut of an event log. 2 M (). s valid if the following conditions
hold for all Aj;A; 2 P; Ai 8 Aj:

LA ANA AT Ba2A i 2A (& 1" g6 L&)
2. (A AjJMA AT Ba2Ag 2A (& gty L&),
3. if @AkZ P (Ak Ai), thenAi\ L 6 ;.
4, if @kZP(Aq Ak),thenAi\ L 6 ;.

Note that the rst condition of Def. 10 uniquely de nes a binary relation.
This means that for a given partitioning of activities, if a valid partial order
cut exists, then it is unique.

6.1.2. Approach

The steps of the brute-force POWL inductive miner PM) are outlined
in Alg. 1. If a base case is detected, the algorithm returns a single activity or
a silent activity (cf. lines 2-5). Afterward, the algorithm mines for a process
tree cut. If a choice or loop cut is found, then the process tree operator
or is used to create a POWL model, and the event log is projected into
the subsets of the partitioning to continue the recursion. If a sequence or
concurrency cut is found insteadPMy; transform it into a partial order cut.
A concurrency cut is modeled as a poset with no ordering relation (cf. lines
11-12), while a sequence cut is transformed using the sequential order of the
nodes (cf. lines 13-15). If no process tree cut is detectd@My; mines for
a valid partial order cut. The step of partial order cut detection follows a
brute-force approach (cf. lines 16-22)PM,; generates partial orders over
all possible partitionings of activities until a valid partial order cut is found.
If a valid order is detected, then the event log is projected on the subsets
of activities, and the recursion continues on the sub-logs; otherwise, the fall-
through function is invoked. Note that we adapt the fall-through function [2]
to return POWL models instead of process trees (similarly to the conversion
of process tree cuts in lines 6-15).

Fig. 6 shows four partial order cuts generated for the event log =
[ha; b;d; ha;b;c;b;d; ho;d;Ho;c;b;d]. The cuts are de ned over dierent
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Input: an event logL.
Output: a POWL model PMy (L).

1 begin

2 | if L=[haif]fora2 andf 2 IN then

3 | return a

4 if L =[] then

5 | return

6 if aprocesstreecut2f ;! ;+; gis detectedthen

7 Li;: Ly project L on the subsets of the partitioning
8 115 0 PMyr(La); i PMps(Ln)

9 if 2f ; gthen

10 | return (o)

11 if =+ then

12 | return (f 1;:5 0gis)

13 if =1 then

14 f ()il i<j ng

15 return (f 1;:5 oG )

16 | for P2 Part( ) do

17 =f(A;A))2P Pjg8a2A a4 2A (& La"a6 a)g
18 if (P; ) is a valid partial order cut then

19 Ly Ln project L on the subsets oP = fAy;::;;Ang
20 1,05 0 PMpe(La); i PMpe(Ln)

21 O f (i )ikj2fLunng M A Ag

22 return (f 1;: h0; 9

23 FallThrough(L)

24 | return

Algorithm 1: POWL Inductive Miner - Brute-Force (PMy). The
algorithm takes an event log as input and returns a POWL model.
The partial order cut detection step involves generating and validating
partial order cuts over all possible partitionings of activities.

partitionings of the activities (cf. line 17 in Alg. 1). The rst cut ; vi-
olates the second and third validity conditions de ned in Def. 10¢ is not
eventually followed bya and c is not a start activity). The other three cuts
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Figure 6: An example event log and four partial order cuts detected for di erent parti-
tionings of the activities. The rst cut violates the validity requirements, while the other
three cuts are valid.

are valid partial order cuts.

As asserted in [2], all steps of the base inductive miner are designed to
be tness-preserving i.e., all traces in the input event log are included in
the language of the discovered model. The brute-force POWL inductive
miner ensures perfect tness as well. The step of partial order cut detection
preserves the tness guarantee as it only mines for valid partial order cuts.

Theorem 3 (Fitness Guarantee ofPM). Let L 2 M () be an event log
and let PMy (L) be the POWL model discovered using Alg. 1. Every trace
2 L is included in the model's language, i.e., 2 L (PMy(L)).

Proof. We prove this theorem by induction on the recursive application of
the algorithm Alg. 1 as it constructs the POWL model.

(Base Case) If L =[haif]forsomea2 and f 2 IN, then PMy (L) = a.
The language of this model i4 (a) = fhaig, which includes the tracehai. If
L =[], thenno 2 L exists.
(Inductive Step) Assume the theorem holds for the outcome of any previ-
ously processed input byPMy;. This assumption means that any sub-model
generated by the algorithm for a sub-log already includes all corresponding
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traces in its language. As the algorithm processds, we distinguish three
cases based on the nature of the operations it performs:

" In case a process tree cut is detected:
Process tree cuts are tness-preserving [2]. To prove that all traces
in L are included in the language oPM (L), we still need to show
that transforming sequence and concurrency cuts into partial order
cuts yields the same language:

{ The concurrency operator +( 1;:::; n)interleaves sub-traces from
the sub-models while maintaining the order within each sub-trace
[2]. This language is equivalent to the language of the poset
(f 1;:5 ng;;). This poset has an empty partial order, which
permits the interleaving of sub-traces without altering the inter-
nal order of each sub-trace.

{ The sequence operatdr ( 1;:::; n) concatenates sub-traces from
the sub-models using the sequential order of the sub-models in the
detected cut [2]. This language is the same as the language of the
poset =(f ;i W0 f( i )1 <] ng):

L()=L(C (o oa)=F 10 n) i2L( ) for 1 i ng

In case a partial order cut is detected:

Let =(P; ) be the detected partial order cut, and letA;; A; 2 P be
two subsets withA; A;.

) 8aZ2Aig 2A (& La"ab &)

) @ 2L1 k<l j o jC(k)2AN (1)2A)

) f Ai[Ajj 2Lg f jjiZAiAJ‘ZAjg:Ai Aj.
This shows that for any trace 2 L, the activities within  are or-
dered in such a way that the partial order over the subsets of the
partitioning is preserved. Additionally, we know by induction that the
projection of on each subset of activities is included in the language
of the corresponding sub-model. Therefore, must be included in the
language ofPMy (L).

In case the fall-through function is invoked:

All traces in L are included in the language oPMy; (L) since the fall-
through function is tness-preserving [2] and we proved that transform-
ing sequence and concurrency cuts into partial orders yields the same
language.
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Thus, by induction, PMy: (L) can regenerate every trace in the event log.
O

6.2. POWL Inductive Miner - Maximal Order (PMax)

In [4], we re ned the discovery of POWL models by introducing the con-
cept of maximality for partial order cuts. As outlined in Fig. 5b, PMpax
mines for a unique partial order cut instead of validating partial orders over
all possible partitionings of activities (cf. Fig. 5a). This approach enhances
the e ciency of the partial order detection step by mining for a unique so-
lution and it ensures that this solution provides existence and validity guar-
antees if any other solutions exist.

6.2.1. Completeness and Maximality of Partial Orders

We de ne notions of completenessand maximality of partial order cuts.
A partial order cut is complete if it captures all order restrictions derived
from the eventually-follows graph. For instance, the valid cut ; in Fig. 6 is
not complete because it does not capture the sequential dependency between
activities a and b, while 3 and 4 are both complete.

De nition 11  (Complete Partial Order Cut [4]). Let = (P; ) be a partial
order cutof aneventlog- 2M (). is complete if for allAj;A; 2 P;a 2
Aig 2A0 A AL (B L " g6 La).

After establishing completeness, we further de ne maximality for com-
plete cuts. We de ne a complete partial order cut to bemaximal if no
subsets of the partitioning can be merged without violating completeness. In
other words, two activities are in the same subset of the partitioning if and
only if they share the same sets of preceding and succeeding activities. In
our example in Fig. 6, the third partial order cut 3 is hot maximal because
fbg and f cg are both preceded byf ag and succeeded bydg. The activities
b and c can be merged into the same group without violating completeness,
resulting in the maximal partial order cut 4.

Notation. For a binary relation X X over a setX, we de ne the pre-
setof x 2 X as x=fy2 X jy x ™ x ygand the post-setof x as
x =fy2Xjx y”"y xg.

De nition 12  (Maximal Partial Order Cut[4]). Let =(P; ) be a complete
partial order cut of an eventlog. 2M (). is maximal if for all A;; A; 2

Pia2A;a2A: (Ai=A), ( La= L ha L =g L)
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6.2.2. Approach

The maximal POWL inductive miner (PMpax) follows the same steps
outlined in Alg. 1, but it restricts the search space to mine for a maximal
partial order cut. Instead of generating and validating partial order cuts
over all possible partitionings of the activities (cf. lines 16)PM,ax Utilizes
Def. 12 to uniquely de ne a partitioning of the activities. It only mines for a
valid partial order cut over this partitioning. Since PMp,o« follows the same
steps asPMyy, it preserves the tness guarantee.

Theorem 4 (Fitness Guarantee ofPMax). LetL 2 M () be an event log

and let PMpa (L) be the POWL model discovered using the maximal POWL

inductive miner. Every trace 2 L is included in the model's language, i.e.,
2 L (PMpmax(L)).

Proof. The proof is analogous to Theorem 3. m

Besides ensuring the e ciency of the algorithm, mining for a maximal
partial order cut has several advantages over the brute-force approach. First,
grouping nodes increases the simplicity of the graph representation of a par-
tial order (fewer arcs are required). Moreover, it enables the discovery of
more structures in the next iterations of the algorithm. In our example in
Fig. 6, by grouping b and c together, we enable the discovery of a loop cut
between these two activities in the next iteration. Finally, we proved in [4]
that mining for a maximal cut provides the following three guarantees:

1. Uniqueness Guarantee: if a maximal partial order cut exists, then
it is unique.

2. Existence Guarantee: if a complete partial order cut exists, then
the maximal partial order cut exists as well.

3. Validity Guarantee: if a complete partial order cut exists and is
valid, then the maximal partial order cut exists and is valid as well.

Fig. 7 illustrates the application of PM.x on an example event log. In
the rst iteration, the algorithm mines for a maximal partial order cut af-
ter failing to detect a base case or a process tree. It generates the unique
partitioning of the activities as de ned in Def. 12. The activitiesd and e
are grouped into the same subset because they share the same pre-set and
post-set with respect to the eventually-follows graph. The algorithm detects
a complete partial order cut over this partitioning, which also conforms with
the validity requirements of Def. 11. The discovered maximal partial order
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Figure 7: Application of PMpyax on an example event log.

cut is returned, and the algorithm continues the recursion to discover a choice
cut betweend and e in the next iteration.

6.3. POWL Inductive Miner - Dynamic Clustering (PMst)

In Sec. 6.2, we introducedPM,.x as an extension toPMys that aims to
improve the e ciency of the algorithm. It avoids generating and validating
partial orders over all possible partitionings of activities by restricting the
search space to only mine for complete partial order cuts. In this section,
we introduce an alternative approachRPMs;) that also prioritizes e ciency.
Rather than restricting the search spacePM allows for more exibility in
the discovery of partial orders. It discovers partial orders that do not fully
meet the strong validity requirements we de ned in Def. 10. The e ciency of
this approach is ensured by the dynamic strategy employed to generate par-
tial orders by clustering subsets of activities. The new approach additionally
aims to reduce reliance on the fall-through function by accepting a broader
range of partial orders.

The step of partial order cut detection inPMgg; is illustrated in Fig. 5c.

It starts by partitioning the activities into singletons (i.e., into subsets of size
1) and building a binary relation over this partitioning (called order graph)

to capture the order restrictions between activities. Then, the generated or-
der graph undergoes a series of validation and re nement steps by applying
a sequence otlustering functions These clustering functions dynamically
merge subsets of activities that violate transitivity Gy ), Vviolate irre ex-
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Figure 8: An eventually-follows graph and four order graphs derived based on it for
di erent partitionings of the activities. The green arcs are derived by transitivity. Missing
transitive relationships between the red nodes are not added as they conict with the
eventually-follows graph.

ivity ( Cefi ), are mutually exclusive € ), or share the same preceding and
succeeding nodesc,).

6.3.1. Order Graph

For every partitioning of activities P, we uniquely de ne anorder graph
( p) that captures the order restrictions between activities in the eventually-
follows graphs such thatA; pA; if at least one activity in A; is eventually
followed by an activity from A,, and none of the activities ofA, is eventu-
ally followed by an activity from A,. Additionally, we extend the graph by
the missing transitive relationships that do not con ict with the eventually-
follows graph. In other words, if there is an indirect path in the initial order
graph fromA; to A, and A, is never eventually followed byA,, then we add
(A1; Ay) to the order graph.

De nition 13  (Order Graph). Let L 2 M () be an event log and 2
Part( ) be a partitioning of the activities ofL. The order graph ofP is a
binary relation p P P uniquely de ned as follows:

T ome = f(AGA) 2 (P P)] LN (AL A BN V(A A= 0.
B p = f(AlaAZ) 2 pre+ J |_\ (A2 Al) = ,g

We useOG, =f pjP 2 Part( _)gtodenote the set of all order graphs
of an event logL. The order graph is not necessarily a partial order. Fig. 8
shows four order graphs derived for di erent partitionings of the activities
of the event logL = [ha;b;¢;hc;d;b]. The green arc fromatodin ;is
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added by transitivity becaused is never eventually followed bya. The order
graphs 1 and 3 are not partial orders because the nodes colored in red
violate transitivity. We cannot resolve intransitivity in both graphs because
(b; 9 is in the eventually-follows graph.

We de ne a notion of weak validity for partial order cuts as a relaxed
version of the strong validity de nition (Def. 10). The rst two conditions
of Def. 10 ensure high conformance between a valid partial order and the
eventually-follows graph. We de ne a partial order cut to be weakly valid if
it fully conforms with the order graph instead. This weakens the conditions
of validity to account for potential incompleteness in the event log. We also
discard the third and fourth validity conditions of Def. 10. The motivation
behind these two conditions is to allow for the discovery of loop cuts, i.e., if
a subset of activities has no start and end activities, then it is highly likely
a part of the redo part in a loop. However, since we only mine for a partial
order cut after failing to discover a loop cut, discovering a partial order
violating these conditions might still lead to better results than invoking the
fall-through function.

De nition 14  (Weakly Valid Order). Let = (P; ) be a partial order cut
ofaneventlog 2M ( ). isweaklyvaldif = 5.

6.3.2. Clustering Functions
After building the order graph over the partitioning of activities into
singletons,PMs; applies a series of clustering functions. For an order graph
p of a partitioning of activities P, a clustering function merges subsets of
activities in P that meet speci c requirements and returns the order graph
of the re ned partitioning.

De nition 15 (Clustering Function). Let L 2 M () be an event log. A
clustering functionc: OG,. ! OG_ maps an order graph p 2 OG_ of a
partitioning of the activities P into the order graph po2 OG_ of another
partitioning P2 PCis generated by merging subsets fromhbased on a speci ¢
clustering condition, i.e., if the clustering condition is met for two subsets
A1 A, 2 P, then there must existA 2 P%such that(A; [ A,) A.

We de ne the clustering condition C of a clustering functionc as the
set of pairs of activity subsets that need to be merged together, i.e., the
clustering function mergesA;; A, 2 P into the same group if @1;A,) 2 C.
As illustrated in Fig. 5¢c, PMs; uses four concrete clustering functionsfy,
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Crefl 5 Cxors» aNd Cyrp), and we useCiny , Creri , Cxor, and Cgyp to denote their
corresponding clustering conditions.

The rst two clustering functions aim to transform the order graph into a
partial order by resolving any violations of the transitivity and irre exitivity
requirements. If the order graph contains an indirect path between two
subsets of activities that are not directly connected, themw;,,; merges these
two subsets into the same group as they violate transitivity. Similarly, if
the order graph directly connects two subsets of activities in both directions,
then cen mMerges them into the same group as they violate irre exitivity.
The third clustering function (¢, ) enables the detection of exclusive choice
structures in the next iterations (as -cuts) by merging subsets sharing no
eventually-follows connections between each other. The fourth clustering
function (cyp) Merges subsets of activities sharing the same preceding and
succeeding nodes unless this grouping will lead to a single cluster. The goal
of cyp is to enable the detection of loop structures in the next iterations
and to increase the simplicity of the partial order (grouping nodes sharing
the same preceding and succeeding nodes into the same cluster decreases the
number of arcs required to visualize the partial order).

De nition 16  (Clustering Conditions). Let L 2 M () be an event log,
P 2 Part( ) be a partitioning of the activities ofL, and be the order
graph of P. A clustering condition is a subseC (P P). We de ne four

clustering conditions:

1. Cintr = f(Al,Az) 2P P J A16 A2 A A]_ +Azg.

2. Cert = f(A1;A2)2P PjJAL A2 Ay A

3. Cor = f(A1;A2) 2P PjJAI6A; M A6 AL N ( L\ (A1 A=
DN 0N (A Ap=3)e

4. Cypp = f(Ai;A) 2 P P A = A, M A; = A
N ( Al[ Al )6 9.

6.3.3. Discussion: Detection of Sequences and Concurrency

Our previous approaches®My; and PM,ax) both use the process tree
cuts! and + to mine for sequences and concurrency, and the results are
transformed into partial orders as a post-processing stePMgs moves away
from the reliance on the sequence and concurrency process tree cuts because
these constructs can naturally be represented as partial orders.

Without the process tree concurrency cutPMu.x will not be able to
identify true concurrency. In a maximal partial order cut, if two activities
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Figure 9: Three eventually-follows graphs and the derived order graphs over the initial
partitioning of activities into singletons. The green arcs are derived by transitivity. The
missing transitive relationship (c; b in the second order graph con icts with the eventually-
follows graph.

share the same pre-set and post-set with respect to the eventually-follows
graph, then they must be in the same subset within the partitioning. This
prevents the detection of true concurrency, relying on detecting a concurrency
cut in the next iteration. In PMg, the fourth clustering function (cyr,) only
groups subsets of activities that share the same preceding and succeeding
nodes together if this grouping does not result in a single cluster. This
enables the detection of true concurrency.

Addressing the elimination of the sequence cut is more challenging. The
maximal cut detection approach inPM,ax Will fail to discover sequences if the
data is incomplete. This is primarily becaus®M .« relies on the eventually-
follows graph, unlike the base inductive miner which uses the transitive clo-
sure of the directly-follows graph to detect sequence cuts. For example, the
rst eventually-follows graph shown in Fig. 9 is derived from the event log
L, =[ha;b;d; hc;d]. Utilizing 7!] allows for the discovery of a process tree
sequence cut!( ;fag;fbg; fcg; fdg). However,PMa is not able to identify
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an equivalent partial order cut since there is no direct eventually-follows re-
lationships froma and b to d. Deciding whether it is more advantageous to
identify such incomplete sequences or to resort to the fall-through function
is not straightforward and may vary depending on speci ¢ cases. F&M g,

we decided to enable the detection of incomplete sequences by extending
the initial order graph with missing transitive connections (the green arcs).
However, such missing transitive connections are only added to the order
graph as long as adding them does not violate the perfect tness guarantee.
For example, let us consider the order graph derived for the second event log
L, =[ha;b;¢; hc;d;b] in Fig. 9. The missing transitive connection ¢; b is
not added to the order graph because it con icts with the eventually-follows
relationship (b; 9. Adding (c; b to the order graph will violate the tness of
the trace ha; b; ¢.

Another challenge in sequence detection is the modeling of long-term
dependencies. Let's consider the third event logs = [ha;c;d; Hb;c;&] in
Fig. 9. The underlying process begins with a choice betweamnd b, followed
by ¢, and then a non-free choice betweahand e that depends on the previous
choice. Ifa was selected before, thed is executed; ifb was selected before,
then e is executed. Both POWL models and process trees are not able to
accurately represent such long-term dependencies. The optimal process tree
for this scenarioid ( (a;b;c; (d;e), butthis sequence cannot be deduced
solely from the eventually-follows graph, as is never eventually followed by
e. Extending the order graph with the missing transitive relationships allows
PMs to discover such sequences.

6.3.4. Approach

The dynamic clustering POWL inductive miner PMgst) is outlined in
Alg. 2. It starts by mining for a base case (cf. lines 2-5). If no base case is
detected, thenPM¢s mines for a choice or loop process tree cut (cf. lines
6-8). If no choice or loop cut is detectedPMs mines for a partial order
cut by dynamically clustering subsets of activities (cf. lines 10-12). It starts
by partitioning the activities into singletons, then it applies all clustering
functions. If the clustering step results in a single group containing all ac-
tivities, then the fall-through function is invoked. Otherwise, the event log
is projected into the subsets of the partitioning, and the algorithm continues
the recursion and returns a poset that conforms with the order graph (cf.
lines 13-17). The order graph corresponds to a partial order cut because
irre exivity and transitivity are ensured by Cny and Cey .
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1
2
3

4
5

Input:
Output:
begin
if L=[haif]fora2
| return a

if L =[] then

| return

an event logL.
a POWL model PM (L).

andf 2 IN then

if a process tree cut2f ; g is detectedthen

Lqi;onLy

project L on subsets

(PMcIst(L 1); o PMcIst(Ln))

10
11

6
7
8 return
9

else
P ff

agjaz

L9

for €2 hGintr ; Crefi ; Ceor ; Cgrpl DO

12

| P c(P)

if jPj> 1then
Li;: Ly project L on the subsets oP = fAg; 5 Ang
155 0 PMast(La); 25 PMast (Ln)
°f (i )ikj 2fLusng & A
return (f 155 ng;

13
14
15
16
17

PA|J

18
19

FallThrough(L)
return

Algorithm 2:  POWL Inductive Miner - Dynamic Clustering (PMggt ).
The algorithm takes an event log as input and returns a POWL model.
The partial order cut detection step involves applying the clustering
functions to dynamically cluster subsets of activities.

Fig. 10 illustrates an example application ofPMys on the event log
L =[ha;b;c;d;fi;ha;c;b;d;fi;ha;b;c;f,d;ha;c;b;f;d;H;c;e;fi;hc;b;e;fi;
hb; c;f; e ; hc; b; f; e]. The initial order graph is extended with @; €) by tran-
sitivity because this relationship does not con ict with the eventually-follows
graph. The resulting order graph is irre exive and transitive. The clustering
functions ¢, and ¢y, are then applied, mergingo and c into the same group
and d, e, and f into another group. A partial order modeling a sequence
between the activity setsfag, fb; @, and fd; e;fg is discovered. In the next
iteration, c. clustersd and e into the same group because they are never
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Figure 10: Application of PM¢g on an example event log.

eventually followed by each other. A concurrency betweerbg and f cg and
another concurrency betweerid; eg and f f g are discovered and modeled as
empty partial orders. In the nal iteration, the choice betweend and e is
discovered and modeled as (f dg; f eg).

Relaxing the condition of validity into weak validity preserves the tness
guarantee of the step of partial order cut detection.

Theorem 5 (Fitness Guarantee ofPM). LetL 2 M ( ) be an event log
and let PM.g (L) be the POWL model discovered using Alg. 2. Every trace
2 L is included in the model's language, i.e., 2 L (PMgst(L)).

Proof. We prove this theorem by induction.
(Base Case) If L =[hai'] for somea2 and f 2 IN, then PMyg(L) = a.
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The language of this model id (a) = fhaig, which includes the tracehai. If

L =[], thenno 2 L exists.

(Inductive Step) Assume the theorem holds for all sub-models. We distin-
guish three cases:

" In case a process tree cut is detected:
All traces in L are included in the language oPMg (L) since choice
and loop cuts are tness-preserving [2].

If the clustering step results in a in a partitioning P of size

jiPj> 1

The algorithm returns a poset that corresponds to the order graph of

P (cf. lines 16-17 of Alg. 2). LetA;;A, 2 P be two subsets with

Al pAz.

) L\ (A2 A= 5.

) @ 2L1 k<l j jC(k)2A™ ()2 Ay).

)f A 2L f 0 5] i 2A0 N j2A20=A1 Az

This shows that for any trace 2 L, the activities within  are ordered

in such a way that the returned partial order over the sub-models is

preserved. Additionally, we know by induction that the projection of
on each subset of activities is included in the language of the corre-

sponding sub-model. Therefore, must be included in the language of

I:)Mclst(l—)-

In case the fall-through function is invoked:

All traces in L are included in the language oPMs (L) since the fall-
through function is tness-preserving [2] and we proved in Theorem 3
that transforming sequence and concurrency cuts into partial orders
yields the same language.

Thus, by induction, PMys (L) can regenerate every trace in the event log.
]
7. Incorporating Frequencies in the Discovery of POWL Models

The three approaches we proposed for the discovery of POWL models
(Sec. 6) all provide a perfect tness guarantee, i.e., all traces in the event
log are guaranteed to t the generated POWL model. This guarantee is
bene cial for cases where the event log is assumed to be noise-free. However,
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real-life data often contains noise. Moreover, ensuring a balance between
tness, precision, and simplicity is crucial in process discovery. Attempting
to discover a process model that perfectly ts the event log might lead to
complex models that are hard to interpret and/or imprecise models (models
that allow for behavior not observed in the log).

In this section, we propose methods for incorporating frequency-based
Itering in the discovery of POWL models. By integrating frequency infor-
mation, we aim to re ne process discovery to better match empirical data,
acknowledging that some behavior patterns are more frequent and hence po-
tentially more signi cant than others. We extend PMg with the following
frequency-based Itering methods:

" Eventually-Follows Frequency Filtering: As shown in Fig. 11a,
this method extends the partial order cut detection step. It incorpo-
rates the relative frequencies of eventually-follows connections in the
generation of the order graph.

Trace Variant Frequency Filtering: As illustrated in Fig. 11b, this
method applies Itering after the step of partial order cut detection and
before invoking the fall-through function. It Iters the most frequent
trace variants using a dynamic weight factor for adjusting the frequency
threshold.

The integration of frequency information into process discovery can be
particularly useful in contexts where less frequent behavior is considered less
impactful. However, we acknowledge that this approach may not be suitable
in scenarios where rare behaviors are crucial to the process.

7.1. Incorporating Eventually-Follows Frequencies in the Generation of the
Order Graph

The rst Itering method we propose extends the dynamic clustering
partial order cut detection step ofPMs. As shown in Fig. 11a, we adapt
the order graph to incorporate the relative frequencies of eventually-follows
connections instead of just capturing their existence. This extension allows
us to evaluate and Iter connections in the eventually-follows graph based on
the observed frequencies, facilitating the identi cation of signi cant patterns
that are more likely to be representative of the underlying process.

We introduce the concept okeventually-follows frequencyfror an event log
L and two activities a and bwithin L, the frequency score #(a; b is de ned
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(a) Filtering based on eventually-follows frequencies.

(b) Filtering based on trace variant frequencies.

Figure 11: Incorporating frequency-based ltering in/after the partial order cut detection
step of PMgst -

as the number of traces ir. wherea is eventually followed byb, providing a
guanti able measure of the connection strength between two activities. We
extend this notion to sets of activities. For two sets of activitiesA and B,
the frequency score #(A;B) is de ned as the number of traces irL where
at least one activity from A is eventually followed by at least one activity
from B.

De nition 17  (Eventually-Follows Frequency) LetL 2 M () be an event
log andA; B L be two subsets of activities. The eventually-follows fre-
guency of(A;B) in L is de ned as:

o |
L() if9l i j jC(@2A "™ (j)2B),

#.(A;B) = .
( ) 0 otherwise.

2L
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The order graph (Def. 13) is constructed based on the existence of the
eventually-follows relationships between activities. If an activity fromA; is
eventually followed by an activity from A, in any trace within the event log,
and there are no traces where activities fromh, are followed by activities
from A4, then a directed edge fromA; to A, is included in the order graph.
This approach provides a binary view: a connection is either present or not,
irrespective of how often it occurs within the event log.

We extend the order graph with a Itering threshold t that serves to
qguantify the signi cance of eventually-follows relationships. A higher value
of t indicates a stricter requirement for the frequency of one subset of ac-
tivities following another. This approach shares similarities with ltering
methods used in other process mining techniques. For instance, the heuris-
tics miner [22] generates an intermediate graph representing dependencies
between activities, and it uses a threshold to lter these dependencies based
on a frequency metric.

In the Iltered order graph, we add a directed edge fromA; to A, if
the relative frequency ofA; being eventually followed byA,, compared to
A, being eventually followed byA;, meets or exceeds the given threshotd
The initial order graph is then extended with transitive relationships that
are missing due to incompleteness in the data (i.e., between groups that are
never eventually followed by each other). The thresholtl has values higher
than 0:5 and up to 1. Values lower than (b are not supported because they
indicate that A, is more frequently followed byA; than A; is followed by
A,, thereby contradicting the intended direction of the edge fromi\; to A,.
Adding such edges con icts with our criteria for establishing directed edges
based on the more frequent ow patterns in the data.

De nition 18 (Filtered Order Graph). LetL 2M ( ) be an event log and
P 2 Part( ). The order graph ofP with respect to a Itering threshold
05<t 1lisabinary relation p P P uniquely de ned as follows:

- = f(Al,Az) 2 (P P) j #L(Al;A2)+# L(AZ;A]_) >0

A #1L(ALA2) tg
#L(ALA) L(A2:A) :

Toop = [ O (AA) 2 T jH#HL(ALA)+HH (A A1) =00

When settingt to 1, an edge fromA; to A, is established only ifA, is
never eventually followed byA; within the event log. This aligns with the
original de nition of the order graph, which accounts purely for the existence
of eventually-follows relationships.
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7.2. Dynamic Trace Variant Frequency Filtering

Real-life event logs often follow a Pareto distribution of traces [23], i.e.,
a large fraction of behavior is often covered by a small fraction of unique
activity sequences fface variants) that occur frequently. Therefore, we use
a lItering mechanism that incorporates variant frequencies within the event
log in the discovery of POWL models.

We extend PMyg With a trace variant Itering step that is applied after
failing to discover a partial order cut and before invoking the fall-through
function. We lter the event log to keep the most frequent trace variants
using a weight factor for dynamically adjusting the frequency threshold. If
the ltering is successful (i.e., it results in a smaller log), we re-apply the
algorithm on the ltered log; otherwise, the fall-through function is invoked.
Note that the dynamic trace variant ltering method is more general than
order graph lItering (Sec. 7.1). Although we implement the dynamic trace
variant Itering method as an extension toPMgg, it can be integrated into
any variant of the inductive miner.

Our Itering method selects variants based on their relative frequency, en-
suring that the most representative behaviors of the process are retained. We
employ a dynamically adjusting frequency threshold, called thédecremental
weight factorO < 1 [24]. Variants are sorted based on their frequencies,
and we start by adding the most frequent variant. Then, the next variant
is only added if its frequency is greater than the frequency of the previously
added variant multiplied by the decremental weight factor. The introduc-
tion of the weight factor for dynamically adjusting the frequency threshold
allows for a exible and adaptive Itering process, accommodating di erent
distributions and complexities within event logs. This design choice ensures
avoiding frequency gaps between variants by comparing the frequency of each
variant in question with the frequencies of the previously added ones.

Notation. Given an event logL 2 M ( ), a variant 2 L as a unique
sequence of activities ir.. The frequencyL( ) of a variant is the count
of its occurrences irL.

De nition 19  (Dynamic Variant Filtering) . Let L 2 M () be an event
log and 0O < 1 be the decremental weight factor. Letvy;:::;v,i denote
the sorted sequence of variants i by decreasing frequencies, i.el. =

Vit nv, bl and L(va) i L(vq). The logL is Itered with respect
to the decremental weight factor into L =[vit™ ji=1 _ (2 i

n " L(v)> L(v; 1) forall2 j i)].
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Note that using a decremental weight factor of = 0 disables the lItering
by adding all trace variants to the ltered log.

Let us consider an example event log = [ha;b;d3; ha;b;d?; ha;c;d?;
Hb; c; d1]. This log consists of four variants sorted by their frequencies. Let us
apply dynamic variant Itering with a weight factor of = 0:5. The rst vari-
ant is always included in the Itered log, in our casdw,; b; ¢ with a frequency
of 3. The second varianta; b; d with a frequency of 2 is also included in the
Itered log because 2> 0:5 3. Next, we examinehg; c; d with a frequency
of 1. Since 1 05 2, all remaining variants are lItered out. Therefore,
applying dynamic variant ltering leads to Los = [ha; b; ¢3; ha; b; d?].

8. Visualization of POWL Models

To provide alternative ways of visualizing POWL models, we propose
several variations that cater to di erent user needs and contexts. We aim to
retain the underlying structure of the POWL model while introducing visual
elements that could make the model more intuitive and easier to analyze
in certain use cases. It is important to note that these visualizations are
intended to o er alternatives rather than de nitive improvements. Di erent
users may nd di erent visualizations more or less e ective, depending on
their background and the speci ¢ requirements of their tasks. Future work
could explore the empirical impact of these alternatives on user performance
and satisfaction.

We have implemented three concepts that provide alternative approaches
to the visualization of POWL models: reduction rules, frequency tags, and
decision gates.

Reduction Rules

Similar to process tree reduction rules [2], we de ne several rules to re-
duce the complexity of POWL models without changing their semantics. We
identify and eliminate unnecessary nesting, atten hierarchies, and stream-
line sequences. The result is a simplied model that retains the original
behavior and logical structure. This visualization is particularly useful for
users who prioritize a cleaner, more concise view of the process model, such
as analysts working on large-scale models where minimizing visual clutter is
essential. This approach aligns with the study in [25] showing that attening
unnecessary hierarchies in business process models can signi cantly improve
their understandability.
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Figure 12: Reduction rules to eliminate unnecessary nestings of partial orders.

We integrate standard process tree reduction rules [2] for the operators
and . For example, we use a simple loop( ; ) to replace both structures
(; (; )Yand (; (; )). Additionally, we employ the two additional
reduction rules illustrated in Fig. 12. The idea behind these reduction rules
is to eliminate unnecessary nestings of partial orders as long as this reduction
does not increase the number of arcs in the visualization. The following list
details the two rules for eliminating unnecessary nestings of partial orders:

" The rst rule targets scenarios where a partial order ; is a child of
another partial order , and is concurrent with the other children of .
In this case, the children of ; are relocated to become direct children of
2. This adjustment reduces the depth of the process model, minimizing
unnecessary hierarchical complexity while preserving the concurrency
relationships inherent in the model.

The second rule applies when a partial order; is a child of another
partial order , and ; has exactly one unique start node and one unique
end node. In this scenario, the children of,; are shifted to become
direct children of , and connected to the children of ,, taking i's
original position in the ordering. Having unique start and end nodes
is critical because this ensures that eliminating the nesting does not
increase the number of arcs in the visualization.

Frequency Tags
The inductive miner tends to produce models with skippable activities

and self-loops. A skippable activity is represented in a process tree or a
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